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We discuss Poincare´ invariance in the context of non-relativistic effective field theories of QCD. We show, in
the cases of the HQET and pNRQCD, that the algebra of the generators of the Poincare´ transformations imposes
precise constraints on the form of the Lagrangian. In the case of the HQET they are the relations formerly
obtained by reparametrization invariance.
1. INTRODUCTION
The heavy quark effective field theory (HQET)
is the effective field theory of QCD suitable for
describing heavy-light mesons [1]. The heavy-
quark four momentum can be split into a large
and a small component: p = mv + k, where m
is the heavy quark mass, v a unit vector and
k a residual momentum of the order of ΛQCD.
The large and small component fields ψ±v are
defined in terms of the heavy-quark field Ψ as
ψ±v (x) =
1± v/
2
eimv·xΨ(x). The HQET is ob-
tained by integrating out the small component
field ψ−v . The HQET Lagrangian L depends on v
either explicitly or via the heavy-quark field ψ+v .
This dependence is fictitious since v is just a pa-
rameter that arbitrarily defines the way one splits
the heavy-quark momentum into a large and a
small part. Therefore, L must be a combina-
tion of reparametrization invariant operators, i.e.
non-reparametrization invariant operators must
appear in special combinations inside the HQET
Lagrangian. As a consequence, the correspond-
ing Wilson coefficients satisfy some exact rela-
tions valid at any order in perturbation theory
[2].
In the following I will be concerned with the
relation between reparametrization and Poincare´
invariance. In the first part I will show
how to derive the same relations obtained
from reparametrization invariance, by imposing
the Poincare´ algebra on the generators of the
∗Alexander von Humboldt fellow
Poincare´ transformations of the HQET, i.e. with-
out introducing the parameter v. The method
may be extended to non-relativistic effective field
theories (EFTs) where the relation of the effec-
tive degrees of freedom with the original ones is
less known than in the case of the HQET. As
an application, in the second part I will derive
the constraints imposed by Poincare´ invariance
on potential NRQCD (pNRQCD).
2. POINCARE´ INVARIANCE
For any Poincare´ invariant theory the genera-
torsH,P,J,K of time translations, space transla-
tions, rotations, and Lorentz transformations sat-
isfy the Poincare´ algebra:
[Pi,Pj ] = 0, (1)
[Pi, H ] = 0, (2)
[Ji,Pj ] = iǫijkP
k, (3)
[Ji, H ] = 0, (4)
[Ji,Jj ] = iǫijkJ
k, (5)
[Pi,Kj ] = −iδijH, (6)
[H,Ki] = −iPi, (7)
[Ji,Kj ] = iǫijkK
k, (8)
[Ki,Kj ] = −iǫijkJk. (9)
It has been pointed out, as early as in Ref.
[3], that the algebra induces non trivial con-
straints on the form of the Hamiltonian of non-
relativistic systems where Poincare´ invariance is
no longer explicit. Indeed, the algebra has been
used in the past to constrain the form of the rel-
ativistic corrections to phenomenological poten-
tials [4]. A derivation of the constraints induced
by Poincare´ invariance on the form of the poten-
tial of a quantum-mechanical two-body system
can be found in [5].2
In a relativistic field theory the fields are repre-
sentations of the Poincare´ group and the form of
the Poincare´ generators may be derived from the
symmetric energy-momentum tensor [8].3 For in-
stance, the Poincare´ generators of QCD are given
by:
H =
∫
d3x ψ¯ (−iγ ·D+m)ψ
+
Πa 2 +Ba 2
2
, (10)
P =
∫
d3xψ† (−iD)ψ + 1
2
[Πa×,Ba], (11)
J =
∫
d3xψ†
(
x× (−iD) + Σ
2
)
ψ
+
1
2
x× [Πa×,Ba], (12)
K = −tP
+
∫
d3xψ†
1
2
{
x, ψ¯ (−iγ ·D+m)ψ
+
Πa 2 +Ba 2
2
}
, (13)
where Πia is the canonical variable conjugated to
Ai a. All generators are defined up to a unitary
transformation.
In the following I will discuss the realization
of the algebra (1)-(9) in the HQET and pN-
RQCD, summarizing the findings of [9]. In a non-
2The system studied in [5] corresponds to pNRQCD in the
non-perturbative regime [6,7].
3If Θµν is the symmetric energy-momentum tensor, then
H =
∫
d3x Θ00, Pi =
∫
d3x Θi0,
J
i =
1
2
∫
d3x ǫijk (x
jΘk0 − xkΘj0),
K
i = −tPi +
∫
d3x xiΘ00.
relativistic EFT, invariance under Lorentz trans-
formations is explicitly broken. The Lorentz-
boost generators of the EFT can be constructed
by matching order by order with the Lorentz-
boost generators of QCD (13). Rotation and
space translation are instead preserved symme-
tries in the EFT, therefore the generators are
exactly known and are the generators of QCD
projected on the Hilbert space of the EFT. Since
the EFT is equivalent to QCD, i.e. a relativistic
field theory, the Poincare´ algebra generators con-
structed in this way must still satisfy the Poincare´
algebra (1)-(9). This induces non trivial con-
straints on the form of the interaction. More
specifically, it induces some exact relations among
the Wilson coefficients of the EFT.
3. HQET
We quantize the HQET in the A0 = 0 gauge.
The pairs of canonical variables are (ψ, iψ†),
(χ, iχ†) and (Ai a,Π
i
a). The physical states are
constrained by the Gauß law.
The construction of the generators proceeds in
the following way. The generators H , P and
J can be derived from the symmetric energy-
momentum tensor. Since translational and rota-
tional invariance remain exact symmetries when
going to the effective theory, the transformation
properties of the new particle fields under these
symmetries are the same as in the original theory.
The derivation of the Lorentz-boost generators is
more problematic, since the non-relativistic ex-
pansion has destroyed the manifest covariance un-
der boosts. A consistent way to construct K is to
write down the most general expression, contain-
ing all operators consistent with its symmetries
and to match it to the QCD Lorentz-boost gener-
ators. Accordingly, matching coefficients, typical
of K, will appear.
We obtain:
h ≡ ψ†
(
m− c1 D
2
2m
− c2 D
4
8m3
− cF gσ ·B
2m
−c′D g
[D·,Π]
8m2
− icS gσ · [D×,Π]
8m2
+ . . .
)
ψ
+
Πa ·Πa +Ba ·Ba
2
− d
′
3
m2
fabc gF
a
µνF
b
µαF
c
να
∣∣∣∣∣
E = Π
+ . . . ,
H =
∫
d3xh, (14)
P =
∫
d3x
(
ψ† (−iD)ψ + 1
2
[Πa×,Ba]
)
, (15)
J =
∫
d3x
(
ψ†
(
x× (−iD) + σ
2
)
ψ
+
1
2
x× [Πa×,Ba]
)
, (16)
K = −tP+
∫
d3x
{x, h}
2
−k(1)
∫
d3x
1
2m
ψ†
σ
2
× (−iD)ψ + . . . . (17)
The one-loop expressions in the MS scheme for
the coefficients cF , c
′
D, cS and d
′
3 can be found
in [10] (according to the definitions of c′D and d
′
3
given in [7]). The coefficient k(1) is a matching
coefficient specific of K. In principle, k(1) may
be calculated at any order in perturbation theory
by matching (17) to (13). The tree level value
can be also calculated by performing a Foldy–
Wouthuysen transformation on the Lorentz-boost
generators of QCD, in the same way as the tree-
level matching coefficients of the HQET Hamil-
tonian can be derived. At tree level we have
k(1) = 1.
Let us now consider the constraints induced by
the Poincare´ algebra (1)-(9) on the HQET gen-
erators H and K. The constraint [Pi,Kj ] =
−iδijH has been already used in Eq. (17). In-
deed, this commutation relation forces K to have
the form
∫
d3x {x, h(x, t)}/2 + translational-
invariant terms. From [Ki,Kj ] = −iǫijkJk at
O(1/m0) it follows that
k(1) = 1. (18)
From [H,Ki] = −iPi at O(1/m0) it follows that
c1 = 1, (19)
and at O(1/m)
2cF − cS − 1 = 0. (20)
Finally from [H,Ki] = −iPi atO(∇2∇i/m2) we
obtain
c2 = 1. (21)
All other commutation relations are satisfied at
the order we are working. The constraints (19),
(20) and (21) were first derived in the framework
of reparametrization invariance in [2,10].
4. pNRQCD
The pNRQCD Lagrangian for a heavy quark-
antiquark system is obtained from the NRQCD
Lagrangian [11] by integrating out the soft de-
grees of freedom associated with the scale of the
relative momentum of the two heavy quarks in
the bound state [12]. The name pNRQCD has
been used in the literature to identify effective
field theories with different degrees of freedom.
Here we call pNRQCD the effective field theory
that can be obtained from NRQCD by perturba-
tive matching and contains, as degrees of freedom,
the quark-antiquark field (that can be split into
a colour singlet S = S1lc/
√
Nc and a colour octet
O = OaTa/
√
TF component) and (ultrasoft) glu-
ons. The fields S and Oa are functions of (X, t)
and x, where X is the centre-of-mass coordinate
and x the relative coordinate. The coordinate x
plays the role of a continuous parameter, which
specifies different fields. All the gauge fields have
been multipole expanded around the centre-of-
mass. Therefore, the terms in the pNRQCD La-
grangian are organized in powers of 1/m and x.
The canonical variables and their conjugates
are (S, iS†), (Oa, iO
†
a), and (Ai a,Π
i
a). The phys-
ical states are constrained to satisfy the Gauß law.
As in the case of the HQET, since transla-
tional and rotational invariance are exact symme-
tries of the effective theory, the generators H , P
and J can be derived from the symmetric energy-
momentum tensor. The pNRQCD Lorentz-boost
generatorsK can be derived by writing down the
most general expressions containing all operators
consistent with their symmetries and by match-
ing them to the NRQCD Lorentz-boost genera-
tors, which, at the order we are working here, are
the simple extension of Eq. (17) to the case of
one particle and one antiparticle.
We obtain:
h ≡ Π
a 2 +Ba 2
2
+
∫
d3xTr
{
S†(2m+ hS)S
+O†(2m+ hO)O
+
[
(S†hSOO+H.C.) + C.C.
]
+
[
O†hOOO+C.C.
]
+
[
O†hAOOOh
B
OO +C.C.
]}
,
H =
∫
d3X h, (22)
P =
∫
d3X
∫
d3xTr
{
S†(−i∇X)S
+O†(−iDX)O
}
+
1
2
∫
d3X [Πa×,Ba], (23)
J =
∫
d3X
∫
d3xTr
{
S†
(
X× (−i∇X)
+x× (−i∇x) + σ
(1) + σ(2)
2
)
S
+O†
(
X× (−iDX)
+x× (−i∇x) + σ
(1) + σ(2)
2
)
O
}
+
1
2
∫
d3XX× [Πa×,Ba], (24)
K = −tP+
∫
d3X
1
2
{X, h}
+
∫
d3X
∫
d3xTr
{[
S†kSSS + C.C.
]
+
[
(S†kSOO+H.C.) + C.C.
]
+
[
O†kOOO+C.C.
]}
, (25)
where C.C. stands for charge conjugation and
H.C. for Hermitian conjugation. Explicit expres-
sions for hS , hO, hSO, hOO and h
A,B
OO at order
x2/m0, x0/m, (x/m)∇X and (x
0/m2)∇X and
for kSS , kSO and kOO at order x
2/m0, x0/m and
(x/m)∇X can be found in [9].
Let us consider the constraints induced by the
Poincare´ algebra (1)-(9) on the pNRQCD gen-
erators H and K. The constraint [Pi,Kj ] =
−iδijH has been already used in writing
Eq. (25). Indeed, it forces K to have
the form
∫
d3X {X, h(X, t)}/2+ translational-
invariant terms. From the constraints that we get
on K from the other commutation relations and
using the freedom that we have to redefine the
Poincare´ generators via a unitary transformation
we obtain at the order we are working:
kSS = − 1
4m
(
σ
(1) × (−i∇x)
)
− 1
8m
{x,∇X ·∇x}, (26)
kOO = − 1
4m
(
σ
(1) × (−i∇x)
)
− 1
8m
{x,DX ·∇x}
−1
8
k
(0,2)
OOa(x)x (x · gΠ)
−1
8
k
(0,2)
OOb (x)x
2 gΠ, (27)
kSO = 0, (28)
where k
(0,2)
OOa and k
(0,2)
OOb are some matching co-
efficients specific of K. At tree level we have
k
(0,2)
OOa = 1 and k
(0,2)
OOb = 0. The Poincare´ alge-
bra also constrains the form of the pNRQCD La-
grangian. In the following, I will discuss the dif-
ferent type of constraints.
(A) Kinetic energy. The centre-of-mass ki-
netic energy is fixed to be equal to −∇2X/4m.
We note that Poincare´ invariance by itself does
not constrain the coefficient of the kinetic energy
of the quarks in the centre-of-mass frame.
(B) Potentials of order 1/m2. If we call
V (0) the static potential, Vp2 the 1/m
2 momen-
tum square dependent potential, VL2 the 1/m
2
angular momentum square potential and VLS the
1/m2 spin-orbit potential either in the singlet (S)
or in the octet (O) sector we obtain:
VLS Sa
V
(0)′
S
=
VLS Oa
V
(0)′
O
= − 1
2x
, (29)
VL2 Sa +
xV
(0)′
S
2
= VL2 Oa +
xV
(0)′
O
2
= 0, (30)
Vp2 Sa + VL2 Sa +
V
(0)
S
2
=
Vp2 Oa + VL2 Sa +
V
(0)
O
2
= 0, (31)
where the label a is kept for consistency with the
notation of [9]. Eq. (29) in the singlet sector
is the relation between the spin-orbit potentials
and the static potential first derived in [13]. Eqs.
(30)-(31) in the singlet sector are the relations be-
tween the momentum-dependent potentials first
derived in [14]. They were also obtained in [5]. A
lattice check of these relations has been done in
[15]. The extension to the octet sector has been
derived in [9].
(C) Singlet and octet couplings to gluons.
In the sector of the pNRQCD Lagrangian contain-
ing the couplings of the heavy-quarkonium fields
to the gluons we may distinguish two set of re-
lations induced by the Poincare´ invariance. The
first set constrains the chromoelectric field to en-
ter the Lagrangian just in the combination
x ·
(
gE+
1
2
{−iDX
2m
×, gB
})
, (32)
i.e. like in the Lorentz force. The second set
contains relations that involve combinations of
matching coefficients appearing at different or-
ders in the expansion in 1/m and x:
2 cFV
(1,0)
SOb − csV (2,0)SOa
V
(0,1)
SO
= 2
cFV
(1,0)
OOb + V
(1,0)
O⊗Ob
V
(0,1)
OO
−csV
(2,0)
OOa + V
(2,0)
O⊗Oa
V
(0,1)
OO
= 1, (33)
2V
(1,0)
SOc − V (2,0)SOb′ = 2
(
V
(1,0)
OOc + V
(1,0)
O⊗Oc
)
−
(
V
(2,0)
OOb′ + V
(2,0)
O⊗Ob′
)
= 0, (34)
−V (2,0)SOb′′
xV
(0,1)′
SO
=
−V (2,0)OOb′′ − V (2,0)O⊗Ob′′
xV
(0,1)′
OO
= 1, (35)
V
(2,0)
SOb′′′ = V
(2,0)
OOb′′′ + V
(2,0)
O⊗Ob′′′ = 0, (36)
V
(1,0)
OOa = 1 +
V
(2,0)
OOc′′ − V (2,0)OOc′
2
, (37)
where V (i,j) are the matching coefficients that
appear at order xj/mi, the letters a, b, ... la-
bel different operators explicitly listed in [9] and
the specifications SO and OO refer to couplings
with gluons in the singlet-octet and octet-octet
sector respectively. Eq. (33) involves combi-
nations of matching coefficients inherited from
HQET/NRQCD. Somehow this relation reflects
at the level of the pNRQCD matching coefficients
the relation (20) among the HQET matching co-
efficients. Eq. (35) involves derivatives of V
(0,1)
SO
and V
(0,1)
OO . Eq. (37) is typical for the non-
Abelian structure of QCD.
5. OUTLOOK
In this contribution I have addressed two
questions: what is the relation between
reparametrization invariance and Poincare´ in-
variance in the HQET; may Poincare´ invariance
be used to constrain the form of other non-
relativistic effective field theories.
For what concerns the first question, in Sec.
3 we have shown that by imposing the Poincare´
algebra on the generators of the Poincare´ trans-
formations of the HQET we obtain the rela-
tions, Eqs. (18)-(21), derived formerly from
reparametrization invariance. This shows that
reparametrization invariance is, indeed, one way
in which the Poincare´ invariance of QCD mani-
fests itself in the HQET (see also [16]).
The second question may be of particular inter-
est when very little is known about the relation
between the effective degrees of freedom and the
original ones. This is, for instance, the case when
dealing with EFTs in the non-perturbative do-
main. In Sec. 4 we have outlined the calculation
of the constraints induced by the Poincare´ invari-
ance on the form of the pNRQCD Lagrangian.
Some of the obtained relations in the singlet po-
tential sector of the pNRQCD Lagrangian were
already derived in the literature by explicitly
boosting their expression in terms of Wilson loop
operators. The same relations also apply to the
octet sector. New relations involving the cou-
plings of the singlet and octet fields with the glu-
ons were derived in [9] and are displayed in Eqs.
(32)-(37).
Another, quite natural, non-relativistic EFT
where to apply the above method would be
NRQCD. Up to order 1/m the NRQCD La-
grangian in the particle and antiparticle sector
coincide with that one of the HQET and, there-
fore, the relations induced by Poincare´ invariance
are the same. Starting from the order 1/m2, the
NRQCD Lagrangian contains four-fermion oper-
ators, which are responsible for decay and pro-
duction processes. Poincare´ invariance will con-
strain the form of these operators. In general, the
presented approach, may be suited to derive ex-
act relations among the matching coefficients of
all effective field theories, where the manifest co-
variance under boosts has been destroyed by an
expansion in some small momenta, like the soft-
collinear effective theory [17].
Acknowledgments
I thank Nora Brambilla and Dieter Gromes for
collaboration on the work presented here and the
Jefferson Lab theory group and Jose´ Goity for
hospitality during the writing up.
REFERENCES
1. N. Isgur and M.B. Wise, Phys. Lett. B232,
113 (1989); B237, 527 (1990).
2. M. Luke and A.V. Manohar, Phys. Lett.
B286, 348 (1992).
3. P.A.M. Dirac, Rev. of Mod. Phys. 21, 392
(1949).
4. L.L. Foldy, Phys. Rev. 122, 275 (1961); R.A.
Krajcik and L.L. Foldy, Phys. Rev.D10, 1777
(1974); K.J. Sebastian and D. Yun, Phys.
Rev. D19, 2509 (1979).
5. N. Brambilla, D. Gromes and A. Vairo, Phys.
Rev. D64, 076010 (2001).
6. N. Brambilla, A. Pineda, J. Soto and A.
Vairo, Phys. Rev. D63, 014023 (2001).
7. A. Pineda and A. Vairo, Phys. Rev. D63,
054007 (2001).
8. S. Weinberg, The quantum theory of fields
I (Cambridge University Press, Cambridge,
1995); F. Belinfante, Physica 6, 887 (1939).
9. N. Brambilla, D. Gromes and A. Vairo, hep-
ph/0306107.
10. A.V. Manohar, Phys. Rev. D56, 230 (1997).
11. W.E. Caswell and G.P. Lepage, Phys. Lett.
B167, 437 (1986); G.T. Bodwin, E. Braaten
and G.P. Lepage, Phys. Rev. D51, 1125
(1995); Erratum, ibid. D55, 5853 (1997).
12. A. Pineda and J. Soto, Nucl. Phys. Proc.
Suppl. 64, 428 (1998), N. Brambilla, A.
Pineda, J. Soto and A. Vairo, Nucl. Phys.
B566, 275 (2000).
13. D. Gromes, Z. Phys. C26, 401 (1984).
14. A. Barchielli, N. Brambilla and G. Prosperi,
Nuovo Cimento 103A, 59 (1990).
15. G.S. Bali, K. Schilling and A. Wachter, Phys.
Rev. D56, 2566 (1997).
16. D. Eiras and J. Soto, Phys. Rev.D61, 114027
(2000).
17. C.W. Bauer, S. Fleming, D. Pirjol and I.W.
Stewart, Phys. Rev. D63 114020 (2001); M.
Beneke, A.P. Chapovsky, M. Diehl and T.
Feldmann, Nucl. Phys. B643, 431 (2002);
A.V. Manohar, T. Mehen, D. Pirjol and I.W.
Stewart, Phys. Lett. B539, 59 (2002).
